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In a two-period model of costly state verification, the optimal contract is
characterized and shown to exist. The optimal contract is interpreted as a bond
contract. The model extends the result of one-period models that the verification
region must be a left-tail interval to a multi-period setting. Conditions are identified
for the optimal contract to exhibit features such as call (prepayment) option,
coupon payment, or sinking fund. The optimality of certain bond covenants such
as “refinancing covenants” and “dividends covenants” is also studied. Journal of
Economic Literature Classification Numbers: 022, 026, 314, 521.  © 1990 Academic

Press, Inc.

1. INTRODUCTION

The redemption provisions of most corporate bonds include coupon
and/or sinking fund payment requirements and call (prepayment) options.’
According to an extended version of the well-known Modigliani-Miller
Theorem [87, in a perfect and frictionless economy, there is no reason why
firms should systematically issue bonds that have these features. At a
deeper level, one can ask why debt-looking financial contracts are
systematically used at all.

The second question raised above has been answered by Townsend [14],
Diamond [27, and Gale and Hellwig [3]. In each of these three papers, a
debt-looking contract is derived as the optimal contract when lender can-

* 1 thank Larry Glosten, Bill Rogerson, Nancy Stokey, and expecially Milton Harris for
comments and advice. T am also grateful to Yuk-Shee Chan, George Kanatas, Praveen
Kumar, Chester Spatt, Anjan Thakor, Joseph Williams, and the participants of “Symposium
on Strategic Issues in Financial Contracting” at Indiana University for their comments. The
suggestions and comments of a referee and an associated editor helped me improve the paper
substantially. The financial support from Institute for Financial Studies at Carlson School of
Management is gratefully acknowledged. All remaining errors are my own.

! Coupon payments are interest payments made on a regular basis (usually semiannually)
by a firm to its bondholders. Sinking fund provision typically requires the firm to repurchase
or retire a portion of the bond issue each year starting from a number of years before
maturity. A failure to meet the coupon or sinking fund payments will result in a default.
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not observe borrower’s income without costs. Since their models are single
period ones, the first question raised above cannot be addressed. The pur-
pose of this paper is to consider a dynamic version of their models and to
see whether the optimal contract will exhibit the features mentioned above.

We study a situation in which a firm (corporate insider) has an invest-
ment project. The project needs a one time investment at date zero and
vields random cash flows at both date one and date two (revenues net of
production cost, but gross of financial cost). The firm has no money, so the
money needed is raised externally from outside investors through the
capital markets. Given this environment, we analyze the optimal contract
design problem faced by the firm.

One of the crucial assumptions of this paper is that without some costs
being incurred, a contract cannot be made contingent upon the realized
cash flows of the firm because it is costly to verify the true cash flows of
the firm. An immediate consequence of this assumption is that if the
payment to the outside investors varies with the reported cash flows, the
firm may have incentives to misrepresent its cash flows. Since the firm has
limited liability, the payment to the outside investors will have to be low
when the cash flows are low. If there is no way to verify the true cash flows,
the firm will always underreport its cash flows and the investors will not
recover the capital they contributed.

One way by which this problem can be avoided is to have certain levels
of reported cash flows verified. If a low cash flow report results in a
verification, a firm with a high realized cash flow may not want to undet-
report. Of course, a verification is costly. Ex ante it is in the firm’s interest
to minimize the expected verification cost. Following Townsend [14] and
Gale and Hellwig [3], we shall interpret a verification as bankruptcy. The
verification cost is interpreted as bankruptcy cost, such as acccunting cost,
legal cost, or the cost of financial distress.

Although a contract cannot be made contingent on the true cash flows
without incurring the verification cost, it can be made contingent on the
reported cash flows. If a contract is structured such that the firm has no
incentive to lie for any realized cash flows, it is called incentive compatibie.
By the Revelation Principle (see Green and Laffont {471, Harris and
Townsend [ 5], or Myerson [10]), if an optimal contract exists, there is an
incentive compatible contract that also achieves the optimum. In a
dynamic setting, later period payments can depend on the current as well
as the early period reports; this can alleviate the incentive problem.

Under the condition that date one verification cost is not decreasing in
the firm’s cash flow, we show that for an optimal contract, if 2 verification
ever occurs at date one, it can occur only when the reported date one cash
flow is below a critical level. This level, if positive, can be interpreted as &
coupon payment or a sinking fund requirement. This result extends the
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result of one-period models that the verification region must be a left-tail
interval to a multi-period setting.

The reason why coupons/sinking funds are used corresponds to the
conventional wisdom that coupons or sinking funds provide regular tests of
the firm’s financial strength. It allows the investors to detect problems
before it is too late and too costly to correct them.

If the verification cost at data two is increasing in the value of the firm’s
assets and if the firm is committed not to pay dividends at. date one, an
increase in the first period payment can reduce the retained earnings
carried over to date two, hence reduce the expected bankruptcy cost. A
way to achieve this is to give the firm an option to pay more when its date
one cash flow is high. Of course, to present the firm from misrepresenting
the true cash flow, the date two payment ought to be reduced accordingly.
This feature corresponds to a call option in bond contracts.

Issues of bond covenants are also addressed in the paper. We show in
the context of this simple model that it is optimal to have a convenant that
prohibits any dividend payment at date one and a covenant that prohibits
any subsequent borrowing at date one.

To improve our understanding of the financial contracts used in the real
world, efforts have been made in recent years to incorporate market
imperfections such as information and contracting costs into the theory of
financial contracting. (See, for example, Jensen and Meckling [7], Myers
[97, Ross [12], and Smith and Warner [13]). These studies provide us
with important insights. In most of these studies, however, the forms of
contracts are exogenously imposed (usually, debt and/or equity). Some-
times certain features, such as call or convertible options, are added on top
of the basic contracts to see whether they have any welfare improving
effect. No attempt has been made to derive the structure and the optimality
of contracts from the basic attributes such as tastes, technologies, endow-
ments, and information structure. In this paper the contractual form is
derived instead.

In the next section, the model and the assumptions are presented. The
constraints on the contracts are presented and the firm’s optimization
problem is formulated in Section 3. Section 4 characterizes the optimal
contract. The optimal contracts is interpreted as a bond cotract in
Section 5. The issues of bond covenants are treated in Section 6. Section 7
concludes the paper. All proofs are in the appendix.

2. THE MODEL

A corporate insider (referred to as the insider or the firm hereafter) bas
a project, but has zero endowment. The project needs an investment of $1
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at date zero and none afterward. It will yield cash flow Y, at date one and
cash flow Y, at date two. Y, is a random variable distributed on [L,, H,)
with distribution function F,, where H,> L, >0 for t=1, 2. For simplicity,
we assume that Y, and Y, are independent, L, =L,=0, and H,=H,=H.

Since we shall interpret the optimal contract later as a debt contract, the
model either applies to a privately-held firm or assumes away any conflict
of interest between management and equityholders. Following is a crucial
assumption:

A.l. A contract cannot be made contingent on the realized cash flow
unless cash flow is verified ex post.

Verification is costly. Let b,(x,) be the verification cost function at dats
t, where x, is the value of the firm’s assets at date ¢t when a verification
takes place. Note that x, = y,, but x, is the realized date two cash flow y,
plus the earnings retained from data one.

A2, b, and b, are non-decreasing and sufficiently smooth.

Both the insider and the investors are risk neutral and have time additive
utility functions. The default-free interest rate per period is i. Without loss
of generality, 7 is taken to be zero.

At date zero the insider designs a contract to maximize his expected
utility subject to appropriate incentive constraints, the limited Hability
constraint, and the investors’ individual rationality constraint (market
constraint). We assume that the capital market is competitive and ihe
investors earn the competitive rate. In addition, we shall temporarily make
the following two assumptions.

A3, The firm cannot borrow again after the realization of date one
cash flow Y.

A4 No dividends can be distributed to the insider before all the
obligations (payments) to the investors are fulfilled.

A.3 amounts to a bond covenant that prohibits all subsequent borrow-
ing. A.4 is a bond covenant that prohibits the payment of dividends at date
one if the firm still has obligations outstanding at date two. Both A3 and
A4 will be endogenized in Section 6. We will show there that in our model
the firm will design a contract that has the properties of A.3 and A4. The
next two assumptions are technical.

A5. F, is continuously differentiable with strictly positive density
function f,, where =1, 2.

A.6. The hazard rate for Y,, f,/[1 — F,] is increasing.?

2 Most commonly encountered distributions have this properties.
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Although the payments to the investors cannot be made contingent on
the true cash flows unless a verification occurs, the payments and verifica-
tion can depend on the firm’s reported cash flows. These payments,
however, should be arranged such that the firm does not have incentives to
lie. That is, they should be incentive compatible. By the Revelation
Principle, there is no loss of generality in considering only the incentive
compatible contracts in solving a contract design problem. (See Myerson
[10], Harris and Townsend [5], and Green and Laffont [4]).

A contract is a pair of payment schedules and a pair of verification
schedules (one for each date). Let D,(y;) be the date one verification
schedule when y is reported, and let D,(y,, y,)} be the date two verifica-
tion schedule when y; and y, are reported. D, is the probability that a
verification will take place. In this paper, we shall not consider randomized
verification schedules. That is, D, is either 0 or 1. We also assume that the
investors can commit to the verification schedules D, and D2 ex ante. This
may be rationalized by the effects of reputation.

Let P,(y,) be the payment to the investors at date one after y, is repor-
ted and D,(y,)=0. Let P,(y,, y,) be the payment at date two after y, and
v, are reported and D,(y,)=0. So P, and P, are the payment schedules
when no verification occurs at data one. Let p, and p, be the correspond-
ing payment schedules when a verification occurs at date one. Note that p,
and P, are defined as the payment to the investors gross of verification
cost.?

The order in which the events take place is as follows: at date zero, the
contract is signed and $1 is invested; at date one, Y, is realized and the
firm reports y;; based on y,, verification will be made with probability
Dy(y,) and the payment P,(y,) or p((y,) will be made to the investors
according to the contract; at date two the same happens.

3. THE FORMULATION OF THE FIRM’S PROBLEM

In this section, we first apply the result of the one-period problem to the
last period. That allows us to simplify the notations. Then we derive the
firm’s limited liability (wealth) constraints and incentive compatible con-
straints at data two, and the investors’ individual rationality constraint.
The firm’s optimization problem is then formulated.

Since date two is the last date, for a given y, the resuits of Townsend
[14] or Gale and Heliwig [3] apply. If a contract is optimal, then its pay-
ment schedule at date two, P,(y,, y,), must be independent of y, when no

T could use the same notations for payment schedules following both D, =0 and D, = 1.
The reason that I use different notations for the payment schedules depending on whether a
date one verification occurred or not is to make the characterization of D, easier.
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verification occurs at date two. Denote this payment by R,(y} (o ro{y,}
when verification occurred at date one). Note that R,(y;) depends on y,
alone whereas P,(y;, y;) depends on both y, and y,. We will refer to
R,(y,) (or ry(y,)) as the required payment at date two.

A verification occurs at date two if and only if the reported date two
cash flow plus the retained earnings fall short of this required payment.
Furthermore since both parties to the contract are risk neutral, the optimal
contract is the one that minimizes the expected verification cost. By
increasing the amount paid to the investors in the event of verification, the
contract can reduce the region over which verifications need to take place,
hence reduce the expected verification cost.

ProroSITION 1. For an optimal contract, D{y,, y;)=1 if and only if
[y =Py 1+ y2<Ry(yy). If a verification does not occur at date two,
Py, yo)=Ry{(y,), which is independent of the reported cash flow at date
two. In the event of verification, all the assets the firm possesses are paid 10
the investors. That is, P(y., y2)=[yi— Py )]+ ys. The same results
hold when P, and R, are replaced with p, and r.

By this proposition, at date two, the firm pays all it has to the investors
when a verification occurs; it pays R,(y,} {or r,) otherwise. So once the
required payment schedules R,(y,) and 7,{y,) are known, the charac-
teristics of the optimal contract at date two are determined.

Now let us see what constraints on D (y,), p(¥1), ¥2{y.), Pi(yy), and
R,(vy) are needed so that they provide the correct incentives for the firm
to report y, truthfully. By A.3, no borrowing is possibie after date zero; the
date one payment P, cannot exceed the true realized cash flow y,. This
gives us the limited liability constraints

Piyd<y. o<y (1)
Suppose x, and y, are realizations of ¥, for which a date one verifica-
tion does not occur, ie., D(x,)=D,(y,}=0. Suppose it is feasible for the
firm with y, to mimic that with x,, 1.e, y; = P(x,). Given that the date
two required payment depends on y; only and given that no dividends can
be paid at date one, the firm can have positive income if and only if y, is
above the date two net liability, R,{(y,)} minus the retained earnings
{yy—P(y,)] The incentive compatible counstraint that the firm with y,
does not want to report x; is

L Max{y2‘ [Ryy))—yi+Pi(¥)], 0} dr,

H
>L Max{y, — [Ry(x,)— y1 + Py(x,)], 0} dF,
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which is equivalent to

Pi(y)+ Ry(y) < Py(x) + Ry(xy) (2)

for y, and x, such that y, > P,(x,). We shall call P, + R, the firm’s fotal
liability. Since for y,=x,, y,=x,>P,(x,), (2) implies that the total
liability cannot increase in the non-verified region.

Suppose D,(y;)=1 and D,(x,) =0 and suppose y, > P,(x,). The incen-
tive constraint that the firm with y, will not report x, is

L Max{y,— [roy\) =y, + p:(y,)], 0} dF,

> [ Max{y; — [Ro(w) =y + Py ()1, 0} aF,

which implies
Pi(y1) +72(y) < Pi(x)) + Ry(x,). (3)

If D,(x,)=1, then the firm with y; will not misrepresent itself because
the lie will be discovered and severe punishment can be imposed. So (2)
and (3) are all the incentive compatible constraints we need.

For a given y, for which D(y;) =1, the expected payoff to the investors
is P1(J’1)—b1(J/1)+ng P2(y15 y2) dFy(y,); for y, for which Dy(y;)=0, the
expected payoff is P1(J’1)+50H Py(y1s y2) dFy(y2), where p,(yy, y,) and
Py(yy, y,) are defined in Proposition1. The investors’ individual
rationality constraint is

L Dl(yl){pl(yl)_’bl(yl)"".[o P2(y1, ¥2) sz(Yz)} dF,

H H
+] =PRI + | Palye, ) dE(3)} dF 2 1. ()

Since everyone is risk neutral, the problem of maximizing the insider’s
expected payoff subject to the constraints (1), (2), (3), and (4) is equivalent
to the problem of minimizing the expected verification cost subject to the
same constraints, by choosing D,, p,, r,, P;, and R,.

. H rz—{y1—p1)
Min fo Dl(yl){bl(yl)"_fo bz()’z"‘()’l*Pl))sz} dF,

2~ (31— P1)

H R
+ =Dyl | ba(ya+ y1— Py) dF, dF,

st (1), (2), (3), (4), and Dy, D,;=0o0r1. (5)
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4. TuE CHARACTERIZATION OF THE OPTIMAL CONTRACT

The existence of an optimal solution to (5) is proved later. The optimal
contract is characterized through the propositions presented below.

The incentive compatible constraint (3) says that the firm with a y, that
is in the verified region does not want to claim to be in the non-verified
region even if it is feasible to do so (y, = P,(x;)). The proposition below
shows that (3) cannot be binding for the optimal contract. So it can be
dropped.

PrOPOSITION 2. For the optimal contract, {3) cannot be binding. That is,
the insider is strictly better off in the verified region than in the non-verified
region.

The idea behind the proof of Proposition 2 is this: if, for the optimal
contract, the firm is not strictly better off in a verified state y, than in a
non-verified state x; when a lie is possible (¥, = P,{x,}), we can redefine y,
as a non-verified state and define P (y,)+ R{y,)=p:(y)+ 1y )=
P,(x,)+ Ry(x;) with P,(y,)=yv,. The contract is otherwise unchanged.
Since the firm’s total liability at y, is unchanged, it will report y, truthfuily
as before. In addition, no other type will mimic y, because, otherwise, this
would mean that in the original contract some type would mimic x,. Now
in the redefined contract, the investors will receive a high payoff because
the verification cost b,(y,) is saved. So this redefined contract dominates
the old contract. The old contract cannot be optimal.

PrOPOSITION 3. If by(} is strictly increasing, then P(y,)=v, for v,
satisfying y1 — P(y,) < Ry(y1).

The intuition is simple: if b, is strictly increasing and if a part of date one
cash flow is retained, this will increase the amount of assets being verified
when a verification occurs at date two, hence increase the expected verifica-
tion cost. By increasing P, and simultaneously reducing R, so that their
sum does not change, one can reduce the expected verification cost and
increase the investor’s payoff without changing the firm’s payoff.

When y, is above P,(y;)+ R,(y,), y, is enough to retire the firm’s total
liability by itself. There is no default-risk at ail on date two whether the
firm retains date one return or not. So P{y,) can be less than v, in this
case.

Proposition 4 below characterizes the payment schedules p, and r, in the
region where a verification occurs at date one.

PrOPOSITION 4. For the optimal contract, p(y,)+r{y,)—v, is a
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constant k. Furthermore, if b,() is strictly increasing, p(y,)=y, and
ra(y) =k

In the region where the cash flow is not verified at date one, by (2) the
firm’s date two net liability R, — (y, — P,) has to decrease with reported y,
to provide the firm with incentives to report truthfully. But in the region
where the date one cash flow is verified, private information is revealed, so
there is no need to provide the firm with incentives to report y, truthfully.
The date two net liability r, — (y, — p,) should be set independent of y, at
the “first best” level &, the level making the benefit of increasing the date
two required payment equal to the expected cost of such an increase. When
b, is increasing, for the same reason as in Proposition 3, the firm should
pay all it has at date one.*

The next proposition shows that in the region where reports are not
verified (D, = 0), the incentive compatibility constraint (2) must be binding
for the optimal contract.

PROPOSITION 5. For the optimal contract, P(y,) + R,(y)=M for all y,
for which D(y,;)=0. That is, the incentive compatible constraint (2) is
binding.

This result is similar to a result in most other models of asymmetric
information. If the incentive compatible constraint is not binding at the
optimum, then the contract can be improved by moving it towards the first
best. More specifically, we show that if (2) is not binding (if the total
liability is not a constant), then the date two net liability P, + R, — y, must
be at the “first best” level k as in the case in which y, is verified. But this
implies that the total liability is increasing (P} + R, =1) and (2) is violated.

By Propositions 4 and 3, the total liability is a constant M in the non-
verified region and the date two net liability is a constant & in the verified
region.

ProPOSITION 6. For the optimal contract, a verification occurs (if it
occurs at all) at date one if and only if the reported y is below some critical
level m. Formally, D,(y,)=0 if and only if y, <m, where m is in [0, H].

The proof of this result follows this reasoning: Suppose at v, D(v)=0.
That is, suppose it is better to make v a non-verified state than to make it
a verified state. Then we can show that for y, sufficiently close to and
above v, the benefits of making y, a non-verified state are always greater
than the benefits of making it a verified state. So y; should be in the non-

4 Of course, this result depends on the assumption that ¥, and Y, are independent. If they
are positively correlated, 7,(y,) will generally be increasing in y, because higher y, means
higher Y,. The optimal r,(y,) will be higher.
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verified region for an optimal contract. Following this reasoning, all y,
above v must be a non-verified state. This rules out the possibility that a
non-verified region lies below a verified region.

Note that Proposition 6 is an implication of optimality and incentive
compatibility. The “lower-tailedness” of the date one verification schedule
does not depend on the properties of b, and b, except that b, and b, are
non-decreasing. Yet optimality and incentive compatibility do not imply
that a verification must occur at date one. For example, suppose both 5,
and &, are equal to a same constant; then it can be shown that a verifica-
tion need not occur at date one.

However, when 5,(y,) or b,(y,) is increasing in y,, a verification can
occur at date one. This is because if no verification occurs at date one, R,
may have to be set at a very high level in order to punish a low reported
y,. This will increase the probability as well as the expected cost of verifica-
tion at date two. So there is a trade-off between verifying at date one and
verifying at date two. If the cost of verification at date one is not too large
for low y,, then it will pay to set D, to | and reduce the date two required
payment for low reported y,.

In practice, the conventional wisdom is that coupons or sinking funds
provide regular tests of the firm’s financial strength. It allows the investors
to detect problems before it is too late and too costly to correct them. This
seems o be consistent with the reasoning described in the proceeding
paragraph.

Now we shall show that the above characterization is not vacuous; an
optimal contract does exist. We use Cesari’s existence theorem [17] on
control problems. In fact, Cesari’s theorem applies to control problems
with bounded constraints. Our problem is unbounded. Some adjustments
are made to apply it here.

ProrosITION 7. There exists an optimal solution to (5).

5. INTERPRETATION OF THE OPTIMAL CONTRACT AS A BOND CONTRACT

As in Townsend [14] and Gaie and Hellwig [3], a verification is
interpreted as bankruptcy. Although this interpretation is mot perfect, it
captures some realism and it offers a convenient way to model financiai
contracts. If we take b, as all the costs of enforcing a contingency, the
interpretation can be more general. The verification cost is just a part of
the enforcements costs.

From the last section, we know that in the optimal contract, when
vy, =m, verification will not occur at date one and the sum of the firm’s
date one payment P and its date two required payment R, is a constant
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M. However, if b, is not strictly increasing, the division of M between P,
and R, is undetermined except that P, must satisfy the constraint (1)
P, <y,. For example, both Py =m, R,=M-mand P,=y,, R,=M -y,
are possible optimal schedules.

If b, is strictly increasing, P; =y, for y, in [m, M] by Proposition 3. It
is important to note that the schedule P, =y, for M >y, >m is not a
mandatory payment schedule. That is because for any y, > m, the firm can
always report m, henced only pay m at date one and retain y, — m. There-
fore, we interpret the contract as containing a call provision .

The geometrical representation of the optimal contract derived in last
section is shown in Fig. 1. In Fig. 1, we assumed that when y, is above M,
P, stays at M and R, stays at 0. However, any division of M between P,
and R, is optimal. Note that by Proposition 2, M —m is higher than k so

Pi(y1), Pi(y1)

(1) Re(ye)

l

-
m M

Fic. 1. The optimal payment schedules p, and r, (for y, <m), P, and R, (for y,>m) as
functions of the reported y,.
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there is a jump at y, =m in the lower schedule. The analytic expressions for
the schedules of the optimal contract are tabulated below:

Y1 D, K&, R, ¥y 2
yi<m r / ook
m<y, <M 0 y M-y / /
Ww>M 0 M 0 / /

In this optimal contract, the firm generally is required to pay a minimum
amount m at date one and it has an option to pay up to M. When it
chooses to pay more at date one, the date two payment reduces accord-
ingly. This resembles a bond contract with a coupon {or sinking funds) and
a call option. It can be shown that the optimal contract can be written in
terms of the characteristics of a bond contract such as face value, coupon
rate, call price, and sinking fund requirement. So the optimal contract can
be called a bond contract.

6. BonD COVENANTS

The optimal contract is characterized under the assumptions that the
firm cannot borrow after the realization of Y, and that it cannot distribute
dividends at date one (A.3 and A.4). Bond covenants are studied in Smith
and Warner [13]. Two of the most common covenants are referred to as
“dividend covenants” and “covenants restricting subsequent financing
policy.” We shall call the latter refinancing covenants for simplicity. A.3
represents the most restrictive refinancing covenant and A.4 represents the
most restrictive dividend covenant.

In this section, we show that it is in the firm’s interest to include these
two covenants in the bond contract. Of course, the fulfillment of the
dividend covenant depends on the lenders’ ability to observe the firm’s
dividend distributions. In many case, it is costly for the lenders to do this.
In this section, we also explore the effects on the optimal contract when the
lenders are unable to make the firm to retain any earnings.

First let us note that when the firm is allowed to borrow from a third
party, it cannot achieve an outcome that is better than the optimum
characterized in Section 4. This is because when the new lender is not bet-
ter informed than the old lenders, there is nothing that the new lenders can
achieve that old ones cannot. More specifically, suppose that in an optimal
outcome, the firm will borrow from a new lender. Then we can combine the
old and the new lenders’ contracts and view the combined contract as

642/52/1-6
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being issued to the old lenders. This composite contract must be incentive
compatible and individually rational for the lenders because the two com-
ponents of it are. So the composite contract must be in the constrained
(feasible) set of problem (5) in Section 3, As a result, it cannot be better
than the optimal contract derived there.

Furthermore, introducing new lenders may further constrain the feasible
set. This is because more incentive compatibility constraints are needed
when the opportunity of reborrowing is introduced.” We shall not analyze
these constraints in this paper due to their complexity. It suffices to say
that the optimal contract derived will be at least as good.

If the insider is allowed to pay himself some dividends out of the firm’s
date one cash flow, he will certainly do so because he may not get them if
they are retained. When dividends are paid at date one, the probability of
a verification and expected costs of verification will rise. Since the insider
bears the cost of verification, he will be worse off.

As an extreme example, suppose the firm can pay as much dividends as
it wants out of the date one cash flow. Then at date one, the firm will pay
the lenders only m, the level just high enough to avoid a verification, and
pay the shareholder y, —m as dividends. Anticipating this, the lenders will
require a higher R, (or M) to protect themselves. There may even be cases
in which m also has to be raised. This will certainly increase the probability
as well as the expected costs of bankruptcy. Hence, the insider is worse off
€x ante.

This example raises an interesting question: what is the optimal contract
if the firm can pay as much dividends as it wants out of the date one cash
flow? In this case, anything not paid to the lenders will be paid to the
insider at date one. The incentive compatibility in the non-verified region
will be

H
J’1"P1(J71)+J [y2—Ry(y1)]dF,
Ra(v1)
H
2)’1‘P1(x1)+_[ [y:—Ry(x,)] dF,.
Ra(x1)

The differential version of this will be {1 — F,(R,)] P;+ R5<0.
It can be shown that in this case, results similar to Propositions 3, 4, 5,
and 6 will hold. In the absence of dividend covenant, the minimum date

5 This idea is related to the results of a number of papers on the theory of equilibrium with
moral hazard (see for example, Pauly [11] and Helpman and Laffont [6]). They show that
trading with third parties will affect the welfare of the original contract parties. Feasible
allocations will be affected. Additional incentive compatible constraints will be needed. There-
fore, there is a value to exclusion of third parties. I thank a referee for pointing this out to
me.
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one payment m will have a new function: it forces the firm to pay at least
m at date one. For example, when dividend payment can be prohibited and
when the verification costs are equal to a constant, the firm is indifferent
between having required payment 0 at date one and M at date two and
having m at date one and M —m at date two. But in the absence of
dividend covenant, the firm will prefer the latter.

The optimal contract without dividend covenant will be the same as that
shown in Fig. 1 except that the declining portion of R, is a convex curve
with a slope of 1/[1— R,]. The call price will be a decreasing function of
y,. That is, each additional y, will retire more date two obligation R,. In
contrast, for the contract in Fig. 1, the call price is a constant, 1. In general,
the call prices we observe in practice are constants.

Of course, reality is somewhere between these two extreme cases. The
borrowers will be able to hide cash or non-cash distributions to themselves
to a certain extent.

7. CONCLUSION

In a simple two-period model, this paper characterizes the structure of
the optimal contract when it is costly to verify the firm’s true cash flows.
It extends the result from one-period models that the verification region
must be a left-tail interval to a multi-period setting. The optimal contract
exhibits some features we commonly observe in corporate bond contracts.
The model is theoretically more appealing because the contractual form is
not assumed but derived from first principles.

To my knowledge, no theoretical work has explained why coupon/sink-
ing fund payments are widely used. In finance literature a popular rationale
for call provisions is that they provide a way to overcome agency costs
caused by the existing bonds. When an agency problem arises, the firm can
avoid it by calling the bonds. An implicit assumption in this type of
analysis is that after the bonds are issued, the firm will have enough money
in the future to call them back. Where the money comes from is not
specified. If the money comes from the firm’s other assets, then by the firm’s
using the money as collateral for the bonds or restricting the payment of
it to the shareholders, the bonds will be default risk free and the agency
problem will not be there in the first piace. On the other hand, if the bonds
are retired by the firm’s issuing new securities, the agency costs associated
with issuing new securities will have to be specified.

The model presented here is still a simple one. It cannot differentiate
between coupon and sinking funds. The firm’s reinvestment opportunities
are ignored. These topics are left to future research.
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APPENDIX

Proof of Proposition 1. See Gale and Hellwig [3].

Proof of Proposition 2. Suppose (3) is binding for a pair of eligible y,
and x;. That is, there exist y, and x; such that D,(y,)=1, D,(x,)=0,
12 Py(xy)), and

pi(y)+ra(y)=Pi(x1)+ Ry(xy).

Then we can show that there exists a feasible contract which dominates
the purported optimal contract. Let us redefine the contract at y, so that
-y, becomes a non-verification state and redefine P,(y,) and R,(y;) so
that Pi(y;)+ Ry(y,)=p1(y) +72{p;) with P(y,)=y,. Now under the
redefined contract, the investors get more at y, because they do not have
to pay the verification cost. The insider’s expected payoff at y, is
unchanged, so the insider with y, will not mimic other types because he
does not want to mimic under the old contract. Hence, the redefined con-
tract must be incentive compatible if we can show that no other types will
want to mimic y,. Suppose there exists a y| such that y' > P,(y,)=y, and
Pi(y1)+ Ro(y1) < Pi(y1)+ Ry(y1). Then since yi>y; 2 Py(x,), we have
Pi(y)+ Ry(¥1)> Py(x1) + Ry(x) because  Py(xy)+ Ry(xy)=Py(py) +
R,(y,). That is, y| must prefer reporting x; under the old contract. So the
original contract could not be incentive compatible. This is a contradiction.
Therefore, the redefined contract dominates the old contract because it
saves the verification cost b,(y,); the old contract cannot be optimal as
supposed. QED.

Propositions 4, 5 and 6 are proved by transforming (5) into a control
problem (proof of Proposition 3 is trivial once proposition 4 is proved).
We need a differential version of (2):

P+ R,<0. (a.1)

And we define control variables u,=P] and u,=R5. Note that (2)
implies (a.1), but not vice versa. The optimal schedules we derive below
under (a.1), however, also satisfy (2). So they are also optimal under the
more restrictive (2).

Now with the control variables u; and u, and with the constraint (a.1},
(5) becomes an optimal control problem. We are interested in characteriz-
ing P, and R, in this proof. Let m, and m, be the costate variables for P,
and R,, respectively. Let A and T be the multipliers for (4) and (a.l1),
respectively. Let Q and g be the multipliers for the two constraints in (1),
respectively. The Lagrangian (Hamiltonian) for the problem is
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r2—y1+ 81
L= {b—itpi=itpi=bi+ [T s =)
0
) n—yi+p
—/v[f Ly2+yi—p1—byfy2+y:i—p)1dF,
0

+"2[1“Fz("z-)ﬁ“’Pl)]]+Q(P1’y1)}f1

J~Rz—y1+P1

+(1‘D1>{{“1P1+ . by, +y,— P} dF,

Ry—yi+ Py
“/l[f [yot+yi—Pi—by(y,+y,—Py)1dF,

0

+R2[1'F2(R2_J’1+P1)]]

+ T<u1+uz)+Q(P1—y1)}fl+ [ml(ul-r'z)erz(uz—R;)J}
(.2}

By Proposition 2, the constraint (3) has been ignored.

Proof of Proposition4. Consider the region for which D,=1. From
(2.2), the first order conditions (after simplifications) for p, and r, are

rn—yi+pt ,
{040 [ b - ar,
+q+ (1+4) ba(ry) folra— v+ p1))

A= Fy(ra—y, +p1))}f1 ~0, (23)

{(L+2)by(r2) folra =y +p ) — AL = Fo(ry— 3+ p)} f=0. (24)
These two equations imply

n—y1+p

(I+4) byy2+yi—p) dF, =q(y,). (a.5)

4]

Suppose that G(y;)=p(»,}+r(y)— ¥, is not a constant. Then there
exists an interval (x, y) over which G(y,) is strictly monotone. (a.4) implies
(L+A4) bylry) =A[1 — F)(G(¥,))1/f>(G{y,)). By the assumption of increas-
ing hazard rate (ie., decreasing [1—F1/f), b,(r,(y.)) must be strictly
monotone in (x, y). This implies that b5(r,{y,)) is positive in (x, y) (note
that b, is non-decreasing). So g(y,) in (a.5) must be positive in (x, v)
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because when y, approaches the upper limit r,— y, + p, of the integral,
b5( ) approaches b5(r,(y,), which is positive in (x, y). Since g is the multi-
plier for constraint y, > p,, a positive ¢ means p, = y, in (x, y). Substitut-
ing this back into (a.4), we have (14 1)b,(r,)=A[1— F,(ry))]1/f2(ry)).
This implies that r, must be a constant k in (x, y). Hence p,(y,)+
r2(y1)— y, =r, must be a constant in (x, y). But this is contradiction.
Q.ED.

Proof of Proposition 5. The first order conditions with respectv to u,, u,,
P, and R, are

my+ T=0, (a.6)
my+ T=0, (a7)
, Ry—yi+ P1 ,
_m1={~(1+/1)_(0 by(y2+y— Py) dF,

+ Q@+ (1+4)by(Ry) fo(Ry—y, + Py))
1 ‘Fz(Rz-}H‘f'Pl))}fb (a8)

—my={(142) by(Ry) /(R ~ y1 + P1)) = ALl — Fy(Ry— y1 + P1))} fi-
(a9)

Suppose the incentive constraint (a.1) is not binding in an interval (x, y).
Then T=0 in (x, y). By (a.6) and (a.7), m,=0 and m;=0 in (x, y) for
t=1,2. Now (a.8) and (a.9) become the same as (a.3) and (a.4) with g, ry,
and r, replaced by’Q, R;, and R,. By using the same arguments as in the
proof of Proposition4, we can show that P{—y;+ R, must be the
constant k. But this implies P; + R, =1 and contradicts (a.1). QED.

Proof of Proposition 6. The first order condition for D, is D, =0 if and
only if

r2—y1+p1
Ly=bi=ipi=b)+[ " balyat (= p) dFs
r2—(y1—p1) .
_/1{.[0 [y2+ (y1—p1) = bay2+(y1—p1))] dF,

o[l —Fz(rz—(ylwplm}

J«Rz—(y1~P1)

+ AP, ~ o by, +y,—P,)dF,
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Ry—(»i—P1)
+/1{L EY2+J’1*P1“b2(J’2+}’1"P1)}sz

+R2[1~F2<Rz—~<y1—P1>>]}>o.

In deriving L, from (a.2), we have left out wealth constraints (1) and the
constraints involving the control variables u; and u, because their con-
tribution to the Lagrangian L is always zero when they are multiplied by
their multipliers and because they are irrelevant here.

Ly(y,) can be viewed as the net benefit of making y; a non-verified state.
For the optimal contract, y, should be a non-verified state if and only if
the benefit is non-negative. We want to see how the net benefit varies as y,
increases. We have

dLpfdy, = (14 A)B4+ L, p+ Ly — (L, + ) — LpPy— LgRy+ (Lp+ 2)
=(1+2) by +L,
= (L+4) b, by + (14 2) by(Ry) fo(Ry =y, + P)))
— A1~ Fy(Ry~y,+ P)],

where L,, L,, Lp, and Ly are the partial derivatives of L with respect to
D1, t3, Py, and R,, respectively, with f; omitted. Note that in L,, y,
always occurs with either p; or P, except in the terms A{p,—b,) and
A(P;~b,). This is why we have (L,+4) and (Lp—4). In simplifying the
above expression, expression, I used the first order conditions L,=0,
L,=0, and P, +R,=0, and the condition L,=L, (with Q(P,—y;)
omitted ).

Now suppose D, =0 on (v—e,v] and D, =1 on (v, v+ ¢). By Proposi-
tions 2 and 4, we have P,(v)+ Ry(v)—v> p,(x)+#,{x)—x =k, where x is
in (v,v+e). That is, the firm prefers to be verified (the net lability
ry—{(y;—p;) is lower if verified). Since k is defined by (1 + ) b,(k)=
ALY —Fy(k)]/fo(k) and since b, is non-decreasing and [1—F,]}/f; is
decreasing, we have

(14 4) b5(Py(v) + Ro(v) —v)
> A[1=Fy(Py(v) + Ry(v) = 0)}/f2 Py(v) + Ry(0) — ).

This implies that (1 4 4) b,(R,(0)) fo(P(v) + Ry{v) —v)> A[1 — Fy(P{v) +
R,(v)—v)] because R,(v)+ P(v)—v=R,(»), />0, and b, is non-
decreasing.

So we have proved dL ,(v)/dy, >0. Since L,(v}>0 by assumption, we
must have L,{y;)>0 for y, in (v, v +e) for some ¢>0. This means that
we should have D, =01in (v, v+ e). This is a contradiction. QED.
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Proof of Proposition 7. Since all constraints are linear in the control
variables u, and the integrand of the objective function does not depend on
the control variables, and since y; is bounded in-[L,, H,], to apply
Cesari’s existence theorem [17, ail we need is the boundedness of the state
variables p,, r,, P;, and R,. They are not bounded below as stated in (1).

Consider a version of (5) by adding a lower bound B for P,, R,, p,, and
r,. Now Cesari’s theorem [ 1] implies that an optimal solution exists. Note
that if B is low enough, nowhere in the proofs of the previous propositions
will we be constrained by the fact that p, and P, have a lower bound. That
is, as long as B is low enough, the optimal solution will not be bounded
below and it will not be affected by the lower bound. When we take the
limit as B approaches to — o0, an optimal solution exists for each B and
it does not depend on B. Therefore this optimal solution must be an
optimal solution to (5). QED.
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